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Model calibration analysis is concerned with the estimation of unobservable modeling parameters using
observations of system response. When the model being calibrated is an expensive computer simulation, special
techniques such as surrogate modeling and Bayesian inference are often fruitful. In this paper, we show how the
flexibility of the Bayesian calibration approach can be exploited to account for a wide variety of uncertainty sources
in the calibration process. We propose a straightforward approach for simultaneously handling Gaussian and non-
Gaussian errors, as well as a framework for studying the effects of prescribed uncertainty distributions for model
inputs that are not treated as calibration parameters. Further, we discuss how Gaussian process surrogate models
can be used effectively when simulator response may be a function of time and/or space (multivariate output). The
proposed methods are illustrated through the calibration of a simulation of thermally decomposing foam.
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experimentally observed values of the response
simulation-model operator

number of training points

number of experimental observations of the response
dimensionality of input

scenario-descriptor inputs to the simulator
characterized observation, modeling uncertainty
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process mean

random variable describing difference between
predictions and observations
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1. Introduction

HE importance of uncertainty in the modeling and simulation
process is often overlooked. No model is a perfect
representation of reality, and so it is important to ask how imperfect
a model is before it is applied for prediction. The scientific
community relies heavily on modeling and simulation tools for
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forecasting, parameter studies, design, and decision-making.
However, these are all activities that can strongly benefit from
meaningful representations of modeling uncertainty. For example,
forecasts can contain error bars, designs can be made more robust,
and decision-makers can be better-informed when modeling
uncertainty is quantified to support these activities.

The set of activities that involve the quantification of uncertainty
in the modeling and simulation process includes verification,
validation, calibration, and uncertainty propagation. Verification
focuses on the comparison of a computational implementation with a
conceptual model, to verify the implementation and assess the
amount of error introduced via numerical processes. Validation, on
the other hand, is a process for comparing the computational
implementation of a model against experimentally observed
outcomes; this is another opportunity to quantify errors and
uncertainties. Similarly, calibration involves comparing the
implementation of a model with observations, but the objective is
to use this comparison to make inferences about unknown
parameters that govern the computational implementation.
Uncertainty propagation is the process of estimating the uncertainty
on the model output that is implied by uncertainty on the model
inputs. This paper emphasizes that the model-calibration activity in
conjunction with uncertainty propagation is an opportunity to
quantify the effects on model predictions of a variety of uncertainty
sources, including data uncertainty and modeling assumptions.

Calibration is a far-reaching term and can mean quite different
things to different people. This paper deals only with a specific form
of model calibration that is actually a special case of inverse problem
analysis, in that the objective is to use observations of the simulator
output to make inference about simulator inputs. This type of
calibration analysis poses several problems in practice:

1) The simulation is often expensive, rendering an exhaustive
exploration of the parameter space infeasible.

2) Various ranges and/or combinations of input parameters may
yield simulator outputs that are comparable with the observed data.

3) The observed data contain some degree of error or uncertainty.

4) When the response quantity of interest is multivariate, the most
appropriate measure of agreement between the simulator output and
observed data is not obvious.

Previous work addressing the listed challenges is limited.
Reference [1] gives an overview of various statistical methods that
have been proposed for the calibration of computer simulations. One
of the most straightforward approaches is to pose the calibration
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problem in terms of nonlinear regression analysis [2]. The problem is
then attacked using standard optimization techniques, for example,
to minimize the sum of the squared errors between the predictions
and observations. Reference [3] illustrates the use of such a method
to obtain point estimates and various types of confidence intervals for
a groundwater flow model.

Other methods that have been proposed include the generalized
likelihood-uncertainty-estimation (GLUE) procedure [4], which is
somewhat Bayesian, in that it attempts to characterize a predictive
response distribution by weighting random parameter samples by
their likelihoods. However, the GLUE method does not assume a
particular distributional form for the errors, which prevents the
application of rigorous probabilistic approaches, including
maximum-likelihood estimation (MLE). Methods having their
foundation in system identification and being related to the Kalman
filter have also been proposed for model calibration and are
particularly suited for situations in which new data become available
over time [3,6].

Dealing with the first challenge previously listed, the fact that the
simulation being calibrated is often expensive generally requires the
use of an inexpensive approximation, or surrogate model. With the
increasing complexity of computer simulations, there has been
substantial interest in techniques for the design and analysis of
computer experiments. The use of Gaussian process (GP)
interpolation has been particularly popular [7—12]. Other approaches
that have been considered include techniques for combining
simulations with different levels of complexity [13].

One of the milestone papers for model calibration is the work of
Kennedy and O’Hagan [10]. Not only does their formulation treat the
computational simulation as a black box, replacing it by a GP
surrogate, but they also purport to account for all of the uncertainties
and variabilities that may be present. Toward this end, they formulate
the calibration problem using a Bayesian framework, and both
multiplicative and additive discrepancy terms are included to
account for any deviations of the predictions from the experimental
data that are not taken up in the simulation input parameters. Further,
the additive discrepancy term is formulated as a GP indexed by the
scenario variables (boundary conditions, initial conditions, etc.) that
describe the system being modeled. In this regard, their formulation
is particularly powerful for cases in which experimental data are
available at a relatively large number of different scenarios, and
predictions of interest are characterized by extrapolations (or
interpolations) in this scenario space. Implementation of their
complete framework is quite demanding and requires extensive use
of numerical integration techniques such as quadrature or Markov
chain Monte Carlo (MCMC) integration.

There have been few attempts in the literature to illustrate how
calibration methodologies providing uncertainty representations
should be applied to large-scale problems, in which simulation time
is long, the number of parameters to be estimated may be high, the
amount of experimental data is small, and the response quantity is
multivariate. The example reported in [10] deals with a relatively
large amount of experimental data, a small parameter space, and a
scalar response quantity.

Furthermore, part of the power of the Bayesian approach is its
flexibility, but there has been little previous work that shows how the
Bayesian model-calibration approach can be extended to account for
additional forms of uncertainty that are common to real-world
modeling and simulation applications. Such extensions include the
ability to handle measurement uncertainty characterized with bounds
(as opposed to a Gaussian distribution) and model input parameters
with prescribed uncertainty distributions.

The purpose of this paper is to advance the state of the art in
Bayesian model calibration through the development and illustration
of the extensions previously mentioned. Section II describes the use
of GP interpolation as a surrogate-modeling technique, and Sec. IL.B
introduces our proposed approach for capturing simulator response
that is highly multivariate, particularly response that is a function of
temporal and/or spatial coordinates. Section III discusses the theory
underlying the Bayesian calibration approach, including two
extensions for uncertainty quantification described in Secs. IILA.1

and IIILA.2. Finally, Sec. IV presents a case study based on the
thermal simulation of decomposing foam to illustrate the entire
Bayesian calibration methodology.

II. Gaussian Process Models

GP interpolation (which, in most cases, is equivalent to the family
of methods that go by the name of kriging predictors) is a powerful
technique based on spatial statistics. Not only can Gaussian process
models be used to fit a wide variety of functional forms, but they also
provide a direct estimate of the uncertainty associated with their
predictions. Gaussian process models are increasingly being used as
surrogates to expensive computer simulations for the purposes of
optimization and uncertainty propagation [10,14—18].

The basic idea of the GP model is that the response values Y are
modeled as a group of multivariate normal random variables [8,9]. A
parametric covariance function is then constructed as a function of
the inputs x. The covariance function is based on the idea that when
the inputs are close together, the correlation between the outputs will
be high. As a result, the uncertainty associated with the model’s
predictions is small for input values that are close to the training
points and it is large for input values that are not close to the training
points. In addition, the mean function of the GP may capture large-
scale variations, such as a linear or quadratic regression of the inputs
(generally referred to as a trend function in the kriging literature
[19]). The effect of the mean function on predictions that interpolate
the training data tends to be small, but when the model is used for
extrapolation, the predictions will follow the mean function very
closely as soon as the correlations with the training data become
negligible. Because the models used here are intended for data
interpolation only, and for simplicity, we consider only Gaussian
process models with a constant mean function.

Thus, we denote by Y a Gaussian process with mean and
covariance given by

E[Y(x)]=p )]
and
cov[Y(x), Y(x*)] = Ac(x,x* | ¢) 2)

where c(x, x* | ¢) is the correlation between x and x*, ¢ is the vector
of parameters governing the correlation function, and A is the process
variance.

Consider that we observed the process at m locations (the training
or design points) x,,...,x,, of a p-dimensional input variable, so
that we have the resulting observed random vector

Y =Y (x)),....Y(x,)T
By definition, the joint distribution of Y satisfies
Y ~ N, (B1,AR) 3)

where R is the m x m matrix of correlations among the training
points. Under the assumption that the parameters governing both the
trend function and the covariance function are known, the expected
value and variance (uncertainty) at any (possibly untested) location x
are calculated as

E[Y(x) | Y]=B +r"(x)R™(Y — B1) “)
and
var[Y(x) | Y] =A(1 —r"R7'r) 5)

where r is the vector of correlations between x and each of the
training points. Further, the full covariance matrix associated with a
vector of predictions can be constructed using the following equation
for the pairwise covariance elements:

cov[Y(x),Y(x*) | Y] = Alc(x,x*) —r"R7'r,] 6)
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where r, is the vector of correlations between x, and each of the
training points.

There are a variety of possible parameterizations of the correlation
function [8,19]. Statisticians have traditionally recommended the
Matérn correlation function [19,20], whereas engineers often use the
squared-exponential formulation [9,21] for its ease of interpretation
and because it results in a smooth, infinitely differentiable function
[8]. This work uses the squared-exponential form, which is given by

clr.x') = exp[— 3 i - xf>2] )
i=1

where p is the dimension of x, and the p parameters ¢; must be
nonnegative.

A. Parameter Estimation

Before applying the Gaussian process model for prediction, values
of the parameters ¢ and 8 must be chosen. Further, the value for A
also must be selected if Eq. (5) is to be used for uncertainty
estimation. The most commonly used method for parameter
estimation with Gaussian process models is the method of
maximum-likelihood estimation [9,22].

MLE involves finding those parameters that maximize the
likelihood function; the likelihood function describes the probability
of observing the training data for a particular parameter set and is
based on the multivariate normal distribution in this case. For
computational reasons, the problem is typically formulated as a
minimization of the negative log of the likelihood function:

—logl(¢, B, A) =mlogA + log |R|
+ANY = B)TR(Y — B1) 8)

The numerical minimization of Eq. (8) can be an expensive task,
because the m x m matrix R must be inverted for each evaluation.
Fortunately, the gradients are available in analytic form [9,22].
Further, the optimal values of the process mean and variance,
conditional on the correlation parameters ¢, can be computed
exactly. The optimal value of § is equivalent to the generalized least-
squares estimator:

f=1"R'1)""1"R'Y ©9)

However, Eq. (9) is highly susceptible to round-off error, particularly
when R is ill-conditioned. We obtained better results by using the
ordinary least-squares estimator, which is simply the mean of Y in
this case. The conditional optimum for the process variance is
given by

f= L= pyTR (Y — 1) (10)

B. Multivariate Output: Time and Space

In many cases, the computer simulation may output the response
quantity of interest (e.g., temperature) at a large number of time
instances and/or spatial locations. Such cases are sometimes termed
multivariate output, because the response at each time or space
instance can be thought of as a separate output variable.

Unfortunately, though, this introduces a considerable amount of
additional complexity when we want to use a Gaussian process to
model the code output. The simplest solution is probably to use a
small number of features to represent the entire output. However, in
many cases, we would like to take the entire output spectrum into
account, to ensure agreement with the experimental data at all output
locations.

If the dimensionality of the output spectrum is small (say, four or
five outputs), we might consider building a separate, independent
Gaussian process model for each output quantity. However, this
approach becomes far too cumbersome when there are many time
and/or space instances to consider. When we want to consider a large

output spectrum, one possible approach is to treat those variables that
index the output spectrum (e.g., time and location) as additional
inputs to the surrogate. In this way, we deal with only one surrogate,
and the output can be treated as a scalar quantity.

This approach, however, introduces its own difficulties. Consider
adesign of computer experiments based on 50 Latin hypercube (LH)
samples for a computer simulation that outputs the response quantity
at 1000 time instances. When time is parametrized as an input, this
gives a total of 50,000 training points for the Gaussian process
model. This will make the MLE process virtually impossible,
because it will require the repeated inversion of a 50, 000 x 50, 000
correlation matrix. Further, if there is a significant degree of
autocorrelation with time (which will almost certainly be the case,
particularly if the code output uses small time intervals), this
correlation matrix will be highly ill-conditioned and likely singular
to numerical precision.

There are several possible methods for dealing with these issues.
One approach that has been used in the past is a decomposition of the
correlation matrix that is applicable when the training data form a
grid design [16,23] (i.e., the output from each code run gives the
response at the same time instances). The inverse of the correlation
matrix is then computed based on a Kronecker product, and so
instead of inverting a 50, 000 x 50,000 matrix, two matrices are
inverted, one of size 50 x 50 and one of size 1000 x 1000. However,
this method is fairly complicated to implement, and it does not avoid
the problem with ill-conditioned correlation matrices.

Most other solutions are based on the omission of a subset of the
available points. Because the response is most likely strongly
autocorrelated in time, many of the points are redundant anyway. The
difficulty, though, is how to decide which points to throw away.
Considering again the preceding example, even if the number of time
instances is reduced from 1000 to 20, there are still 1000 training
points (20 time instances times 50 samples) for the Gaussian process,
which is likely too many.

To circumvent this problem, we propose an algorithm based on the
greedy-algorithm concept, for selecting among a set of candidate
training points. The underlying concept of a greedy algorithm is to
follow a problem-solving procedure such that the locally optimal
choice is made at each step [24]. We apply this concept to the
problem of choosing among available surrogate-model training
points by iteratively adding points one at a time, and the point added
at each step is that point corresponding to the largest prediction error.
This approach has several advantages:

1) The point-selection technique is easier to implement than the
Kronecker product factorization of the correlation matrix.

2) It is not restricted to maintaining the grid design. That is, we
may choose a subset of points such that code run 1 may be
represented at time instance 1, but code run 2 may not get represented
at time instance 1. Further, a nonuniform time spacing may be
selected: perhaps there is more activity in the early time portion, and
so more points are chosen in that region.

3) The amount of subjectivity associated with choosing which
points to retain is strongly reduced. Instead of deciding on a new grid
spacing, we can instead choose a desired total sample size or
maximum error.

4) The one-at-a-time process of adding points to the model makes
it easy to pinpoint exactly when numerical matrix singularity issues
begin to come into play (if at all). This is particularly useful for very
large data sets containing redundant information.

The greedy point-selection approach is outlined next. Let us
denote the total number of available points by m;,, the set containing
the selected points by ®, the set containing the points not yet selected
by €2, and the size of ® by m. Also, denote the maximum-allowed
number of points as m*, the desired cross-validation prediction
error by §*, and the current vector of cross-validation prediction
errors by 4.

1) Generate a very small (~5) initial subset ©. Ideally, this is
chosen randomly, because the original set of points is most likely
structured.

2) Use MLE to compute the Gaussian process model parameters
associated with the points in ©.
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3) Repeat until m > m* or max(8) < 6*:

a) Use the Gaussian process model built with the points in ® to
predict the m, — m points in the set Q2. Store the absolute values of
these prediction errors in the vector §.

b) Transfer the point with the maximum prediction error from 2
to ©.

c¢) For the current subset ®, estimate the Gaussian process model
parameters using MLE.

As an example, we build a Gaussian process model for the two-
dimensional Rosenbrock function

G, x)=(1-x)*+ 100<x2 —x%)z

on the usual bounds —2 < x; < 2 and —2 < x, < 2. We randomly
generate a set of 10,000 points within these bounds, and we use the
greedy point-selection algorithm to choose a subset of m = 35. The
resulting maximum prediction error is 1.58 x 1072, with a median
prediction error of 2.87 x 10~3. The five random initial points, along
with the remaining selected points, are plotted in Fig. 1. The
convergence of the maximum prediction error is plotted with a
semilog scale in Fig. 2.

This example clearly shows the power of Gaussian process
modeling for data interpolation. From Fig. 1, it is obvious that the
point-selection algorithm tends to pick points on the boundary of the
original set. This is expected and is because the Gaussian process
model needs these points to maintain accuracy over the entire region.
Only a relatively small number of points are needed at the interior,
because of the interpolative accuracy of the model.

It is also interesting to note that the decrease in maximum
prediction error is not strictly monotonic. Adding some points may
actually worsen the predictive capability of the Gaussian process
model in other regions of the parameter space. Nevertheless, we still
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Fig. 1 Initial (triangles) and selected (circles) points chosen by the
greedy algorithm with Rosenbrock’s function.
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Fig. 2 Semilog plot of maximum prediction error versus m for
Rosenbrock’s function.

expect the overall trend to show a decrease in maximum prediction
error, at least until matrix ill-conditioning issues start coming
into play.

III. Bayesian Model Calibration

Model calibration is a particular type of inverse problem in which
one is interested in finding values for a set of computer model inputs
that result in outputs that agree well with observed data. As
mentioned in Sec. I, one of the most straightforward approaches is to
pose the calibration problem in terms of nonlinear least-squares
optimization. However, this approach has several drawbacks:

1) Finding the set of model inputs that minimizes the sum of
squares may require a large number of evaluations of the model
(depending on the type of optimization algorithm being employed).
When the model is very expensive to run, this approach may not even
be feasible.

2) There may be a wide range of model inputs that provide fits
comparable with the observed data (this is sometimes termed the
problem of uniqueness) [25].

3) Small changes in some of the model inputs may cause drastic
variations of the model output, resulting in an ill-posed optimization
problem [25].

Further, approaching the calibration problem as a least-squares
optimization problem will yield only one solution, and it can be
difficult to construct meaningful information about the uncertainty
associated with this solution (although some approaches have been
attempted: for example, that of [3]). Thus, there would be a large
amount of utility in any method that overcomes the difficulties
associated with the nonlinear least-squares approach and that
provides a more comprehensive treatment of the uncertainties
present. Fortunately, the field of Bayesian analysis provides such a
method.

The fundamental concept of Bayesian analysis is that unknown
variables are treated as random variables. The power of this approach
is that the established mathematical methods of probability theory
can then be applied. Uncertain variables are given prior probability
distribution functions, and these distribution functions are refined
based on the available data, so that the resulting posterior
distributions represent the new state of knowledge, in light of the
observed data. Although the Bayesian approach can be computa-
tionally intensive in many situations, it is attractive because it
provides a comprehensive treatment of uncertainty.

Bayesian analysis is founded on Bayes’s theorem, which is a
fundamental relationship among conditional probabilities. For
continuous variables, Bayes’s theorem is expressed as

n(0)f(d]0)
Jm(®)f(d ]| 6)do

where 0 is the vector of unknowns, d contains the observations, ()
is the prior distribution, f(d | ) is the likelihood, and f(@ | d) is the
posterior distribution. Note that the likelihood is commonly written
L(0) because the data in d hold a fixed value once observed.

The primary computational difficulty in applying Bayesian
analysis is the evaluation of the integral in the denominator of
Eq. (11), particularly when dealing with multidimensional
unknowns. When closed-form solutions are not available,
computational sampling techniques such as MCMC sampling are
often used. In particular, this work employs the componentwise
scheme [26] of the Metropolis algorithm [27,28], as outlined in the
Appendix.

f(01d)= an

A. Bayesian Analysis for Model Calibration

Consider that we are interested in making inference about a set of
computer model inputs 6. Now let the simulation be represented by
the forward-model operator G(0,s), where the vector of inputs s
represents a set of scenario-descriptor inputs, which may typically
represent boundary conditions, initial conditions, geometry, etc.
Kennedy and O’Hagan [10] termed these inputs variable inputs,
because they take on different values for different realizations of the
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system. Thus, y = G(0,s) is the response quantity of interest
associated with the simulation. Also, we assume that the value of the
calibration inputs @ should not depend on s, the particular realization
of the system being modeled [10].

Now consider a set of n experimental measurements d=
d,,...,d,, which are to be used to calibrate the simulation. Note that
each experimental measurement corresponds to a particular value of
the scenario-descriptor inputs s, and we assume that these values are
known for each experiment. Thus, we are interested in finding those
values of @ for which the simulation outputs G(0,s,),...,G(6,s,)
agree well with the observed data in d. But, as previously mentioned,
we are interested in more than simply a point estimate for 6: we
would like a comprehensive assessment of the uncertainty associated
with this estimate.

First, we define a probabilistic relationship between the model
output G(8, s) and the observed data d:

d;=G(,s;) + ¢ 12)

where ¢, is arandom variable that can encompass both measurement
errors on d; and modeling errors associated with the simulation
G(0,s). The most frequently used assumption for the ¢, is that they
are independent and identically distributed (i.i.d.) N(0, 6?), which
means that the ¢; are independent zero-mean Gaussian random
variables with variance 0. Of course, more complex models may be
applied: for instance, enforcing a parametric dependence structure
among the errors [29].

The probabilistic model defined by Eq. (12), along with the i.i.d
error model, results in a likelihood function for @ that is the product of
n normal probability density functions:

n o . )
L) =r@|o=]]- \;ﬂ exp[_(d, f;f’s’))

] 13)

We can now apply Bayes’s theorem (11) using the likelihood
function (13), along with a prior distribution for @, (), to compute
the posterior distribution f (8 | d), which represents our belief about
0 in light of the data d:

f(6 ] d) ocn(6)L(6) (14)

The posterior distribution for @ represents the complete state of
knowledge and may even include effects such as multiple modes,
which would represent multiple competing hypotheses about the true
(best-fitting) value of §. Summary information can be extracted from
the posterior distribution, including the mean (which is typically
taken to be the best-guess point estimate) and standard deviation (a
representation of the amount of residual uncertainty). We can also
extract one- or two-dimensional marginal distributions, which
simplify visualization of the features of the posterior distribution.

However, as previously mentioned, the posterior distribution
cannot usually be constructed analytically, and this will almost
certainly not be possible when a complex simulation model appears
inside the likelihood function. MCMC sampling is considered here,
but this requires hundreds of thousands of evaluations of the
likelihood function, which equates to hundreds of thousands of
evaluations of the computer model G(:,-) in the case of model
calibration. For most realistic models, this number of evaluations will
not be feasible. In such situations, the analyst must usually resort to
the use of a more inexpensive surrogate (also known as a response
surface approximation) model. Such a surrogate might involve
reduced-order modeling (e.g., a coarser mesh) or data-fit techniques
such as Gaussian process (also known as kriging) modeling.

This work adopts the approach of using a Gaussian process
surrogate to the true simulation. We find such an approach to be an
attractive choice for use within the Bayesian calibration framework
for several reasons:

1) The Gaussian process model is very flexible and can be used to
fit data associated with a wide variety of functional forms.

2) The Gaussian process model is stochastic, thus providing both
an estimated response value and an uncertainty associated with that

estimate. Conveniently, the Bayesian framework allows us to take
account of this uncertainty.

3) With regard to fit accuracy, the Gaussian process model has
been shown to be competitive with most other modern data-fit
methods, including Bayesian neural networks and multiple adaptive
regression splines [22,30].

For model calibration with an expensive simulation, the
uncertainty associated with the use of a Gaussian process surrogate
can be accounted for through the likelihood function. There are a
couple of possible approaches for doing so:

1) Treat the parameters governing the Gaussian process surrogate
as objects of Bayesian inference, along with the calibration inputs.
Thus, they are given a prior distribution and allowed to develop a
posterior distribution based on both the observed simulator outputs
and the experimental data.

2) Estimate the parameters of the Gaussian process surrogate a
priori using the observed code runs. These parameters are then
treated as constant known values for the remainder of the analysis.
The direct-variance estimates provided by the Gaussian process
model can still be incorporated into the calibration analysis.

The first, more complete, approach is outlined in detail by
Kennedy and O’Hagan [10]. By treating the Gaussian process
parameters as unknowns, the uncertainty that arises because these
parameters must be estimated from the data is taken into account.
However, this approach is computationally demanding, and it is
often difficult to specify appropriate prior distributions for these
parameters. For these reasons, Kennedy and O’Hagan [10] suggested
that the second, simpler, approach should be used and that doing so
does not have a significant effect on the resulting uncertainty
analysis. For our work, we adopt the second approach, and the
parameters are estimated a priori using the method of maximum
likelihood, as discussed in Sec. ILA.

Through the assumptions used for Gaussian process modeling, the
surrogate response that is conditional on a set of observed training
points follows a multivariate normal distribution. For a discrete set of
new inputs, this response is characterized by a mean vector and a
covariance matrix [see Eqs. (4) and (6)]. Let us denote the mean
vector and covariance matrix corresponding to the inputs
0,s,),...,(0,s,) as pgp and X p, respectively. It is easy to show
that the likelihood function for @ is then given by a multivariate
normal probability density function (note that the likelihood function
of Eq. (13) can also be expressed as a multivariate normal probability
density, with X diagonal):

L(9) = @) "|Z| " exp[—3(d — pep) T (d — )] (15)

where X = 021 + X p, so that both wgp and X depend on 6.

Simply put, because the uncertainty associated with the surrogate
model is independent of the modeling and observation uncertainty
captured by the ¢;, the covariance of the Gaussian process predictions
(X gp) simply adds to the covariance of the error terms (62I). As
mentioned before, if a more complicated error model is desired (i.e.,
one that does not assume the errors to be independent of each other),
we can replace 021 by a full covariance matrix.

Also, in some cases in which there is a large amount of
experimental data available, we may even want to model different
segments of the output (e.g., different spatial locations or different
time intervals) using separate, independent, Gaussian process
surrogates. In such a case, the likelihood function is a product of
multivariate normal densities, in which each density contains a
particular partition of d and the corresponding surrogate predictions
Mcp and X gp. Such a formulation may improve the accuracy of and
decrease the uncertainty in the surrogates because they are more
localized, but the implementation is somewhat more cumbersome.

1. Prescribed Input Uncertainties

In some cases, it may be of interest to study how the results of a
calibration analysis are affected when additional simulator inputs are
subject to uncertainty. In most cases, we would do so in the Bayesian
setting by augmenting the set of calibration parameters @ with the
additional uncertain model inputs. If the data d do not provide any
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information about these additional uncertain inputs, then they will
essentially be sampled over their prior distribution, potentially
resulting in an increase in the uncertainty in the original calibration
parameters. On the other hand, if the data d do provide information
about the additional inputs, then their posterior distribution will
reflect less uncertainty than their prior distribution. However, if we
are strictly interested in the effect of additional prescribed input
uncertainties, such inputs cannot be treated as calibration inputs,
because their posterior distribution may not match the prescribed
distribution of interest. Thus, this section presents a method that
allows the Bayesian calibration analysis to take into account the
prescribed uncertainties for additional model inputs.

Let us denote by & those inputs to the simulation G(-) that have
prescribed probability distributions. Thus, our simulation model is
now a function of the calibration inputs, the scenario-descriptor
inputs, and the inputs with prescribed distributions: y = G(8, s, £).
Denote the probability density function associated with & by f(&). To
develop the posterior distribution for (6, &) in which the distribution
of & is not refined by d, we must assume artificially that the data d are
statistically independent of §&. Whether or not this is true in reality can
be checked by treating & as a calibration parameter in 6; but by
artificially enforcing the assumption, the parameters & are held to the
prescribed distribution f(£).

By assuming that & is independent of d, we have

f(6.& ] d) ocm(6)L(6)f(E)

Because the simulation output is a function of &, L(8) is as well, and
so for clarity, we write L(8; &), which yields

f(0.8 ] d) ocm(B)L(0;6)f(8) (16)

Ultimately, though, we are interested in the posterior distribution of 6
after marginalizing over the nuisance variable £, and so we want

0] d) / w(O)L(0: £)F(€)dE a7

This marginalization is trivial if f(0, & | d) is constructed using
Markov chain Monte Carlo sampling. One possibility for
constructing f(0,& | d) is to use a componentwise scheme to
sequentially sample each component of (8, &) from its respective full
conditional distribution. Each component of 6 can be sampled using
the Metropolis algorithm (see the Appendix), by sampling the ith
component from its full conditional distribution:

J(0;10_.&.d) o n(0)L(6;§) (18)

where 0_; contains all components of 6 except for 6;. Notice that /(&)
does not appear in Eq. (18) because it does not depend on 6.

Further, if the joint distribution of & is such that it can be sampled
(in particular, if the components of & are independent and can be
sampled), the vector & can be directly sampled at each iteration. This
is because the full conditional distribution of & is equal to f(£), so at
each iteration we draw a sample of & from f(&), which is its full
conditional distribution.

In short, the process of accounting for prescribed input
uncertainties within the Bayesian calibration analysis is very simple,
given that Markov chain Monte Carlo is used to construct the
posterior distribution for . To account for the additional total
uncertainty introduced by the inputs & having prescribed
uncertainties, we simply sample a random realization of & at each
iteration of the MCMC sampler.

2. Characterized Observation and Modeling Uncertainty

In the probabilistic error model of Eq. (12), ¢ is a random variable
that encompasses both observation uncertainty in the data d and

IAlthough it is tempting to write L(#, &), we avoid doing so, because this is
really f(d | 6, &); because & is (assumed to be) statistically independent of d,
this would reduce to f(d | 8) = L(0). Thus, we write L(0; &) to emphasize
thatitis a function of &, but there is no statistical relationship between & and d.

modeling error: together, these effects result in a difference between
the observations and the predictions. In most cases, the overall
magnitude of this net effect (represented by the variance of ¢, 62) is
notknown, and 07 is treated as an object of Bayesian inference, along
with the calibration inputs 6. However, in some cases, the
experimental instrumentation may be understood well enough that
the error associated with the observed data d can be characterized
using a parametric probability distribution. For example, the
experimenter might claim that the errors in the measurements d
follow a Gaussian distribution with zero-mean and standard
deviation equal to 10% of the measured value.

Similarly, the error associated with the analysis code G(-) might
also be characterized as a random quantity in some cases. For
example, based on a mesh convergence study, an analyst may be able
to quantitatively characterize the magnitude of the error associated
with the output of G(-), which might, for example, be used to derive a
probabilistic representation for that error.

When the error/uncertainty associated with the observations and/
or analysis code can be characterized, we would like to include it in
our probabilistic model. In most cases, we would still want to retain a
separate ¢ term, which would represent all other sources of error that
lead to a difference between the predictions and observations. Thus,
we might formulate a new probabilistic model as

d;=G(0,s;) + ¢ +u; (19)

where the random variable u; represents the characterized
uncertainty associated with either the observation d; or the analysis
code output G(8, s;). Note that the additive-error model of Eq. (19) is
used here only as an illustration, and this formulation is not
necessarily a requirement.

For simple cases in which both ¢ and u are Gaussian random
variables, we can replace both of them with one random variable that
is their sum, and it will be Gaussian as well. However, although ¢ is
most often taken to be Gaussian, other distributions might be chosen
for u. For example, the experimenter might characterize the
measurement uncertainty with bounds, in which case it would be
most appropriate to use a uniform probability distribution for u. In
such cases, it is difficult to analytically express the probability
distribution of the sum ¢ + u, and alternative methods may be more
prudent.

One possibility is to use the same approach that was taken in
Sec. ILLA.1 and sample u along with . First, let us denote the joint
probability density function for u = (u,,...,u,) by f(u). Then,
analogously to Eq. (16), we have

f(O.uld)ocn(0)L(0;u)f(u) (20)

If we consider the case in which u represents characterized
observation uncertainty, we see that the likelihood function for 6
depends on u in the sense that after subtracting the effect of u;, the
observation is actually given by d; — u;. That is, the likelihood
function of Eq. (13) would become

n d —u, —G(8.5,))>
L(0;u)=1_[0\}§;exp[—( i 20’2G( ’s'))]

@n

Thus, as outlined in Sec. III.A.1, the approach is to sample a random
realization of u from f(u) at each iteration of the MCMC sampler.
Then, before computing L(#), we artificially perturb the observed
dataas d —u.

B. Summary of the Proposed Approach

In summary, a variety of new ideas were proposed in Secs. II and
I to enhance the Bayesian framework for model calibration under
uncertainty. First, we presented a simple point-selection algorithm
applicable to Gaussian process surrogate modeling that is
particularly useful for modeling code output that is a function of
time or space. We also outlined two methods for expanding on the
uncertainty-estimation capabilities of the Bayesian calibration
framework. The first method, discussed in Sec. III.A. 1, illustrates the
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procedure through which one can study the effects on the calibration
parameters of prescribed uncertainties on additional model inputs.
Finally, Sec. IIL.A.2 illustrates a procedure for accounting for
characterized observation of modeling uncertainty. This charac-
terized uncertainty may be accounted for, in addition to other
uncharacterized effects that produce a difference between
predictions and observations, even when different distributional
forms are desired for the characterized and uncharacterized effects.

In what follows, Sec. IV presents a case study that illustrates all of
the proposed ideas. The case study involves the Bayesian calibration
of a computer simulation that models the thermal response of a
decomposing foam.

IV. Case Study: Thermal Simulation
of Decomposing Foam

A series of experiments have been conducted at Sandia National
Laboratories in an effort to support the physical characterization and
modeling of thermally decomposing foam [31]. An associated
thermal model is described in [32]. The system considered here,
often referred to as the foam-in-a-can system, consists of a canister
containing a mock weapons component encapsulated by a
foam insulation. Several illustrations of this setup are shown
in Figs. 3 and 4.

The simulation model is a finite element model (FEM) developed
for simulating heat transfer through decomposing foam. The model
contains roughly 81,000 hexahedral elements and has been verified
to give spatially and temporally converged temperature predictions.
The heat-transfer model is implemented using the massively parallel
code CALORE [33], which was developed at Sandia National
Laboratories under the advanced simulation and computing program
of the National Nuclear Security Administration.

The simulator was configured to model the foam-in-a-can
experiment, but several of the input parameters are still unknowns
(either not measured or not measurable). In particular, we consider
five calibration parameters: ¢, q3, g4, ¢5, and the final foam pore
diameter FPD. The parameters ¢, through g5 describe the applied

Applied
heating

\

foam

mock
component

Fig. 3 Schematic of the foam-in-a-can system.

Fig. 4 Experimental setup.

heat-flux boundary condition, which is not well-characterized in the
experiments. The last calibration parameter, FPD, is the parameter of
most interest, because it will play a role in the ultimate modeling and
prediction process. We want to consider the calibration of the
simulator for the temperature response up to 2200 s at nine different
locations on the structure (six external and three internal).

A. Preliminary Analysis

The first step is to collect a database of simulator runs for different
values of the calibration parameters, from which the surrogate model
will be constructed. Ideally, we would like our design of computer
experiments to provide good coverage for the posterior distribution
of the calibration inputs. However, because we do not know the form
of the posterior distribution beforehand, we have to begin with an
initial guess for the appropriate bounds. Fortunately, the Bayesian
method provides feedback, and so if our original bounds are not
adequate, they can be revised appropriately. This type of sequential
approach has previously been used for Bayesian model calibration
and other studies [10,34-36].

We make use of the Design Analysis Kit for Optimization and
Terrascale Applications (DAKOTA) [37] software package for our
design and collection of computer experiments. DAKOTA is an
object-oriented framework for design optimization, parameter
estimation, uncertainty quantification, and sensitivity analysis that
can be configured to interface with the thermal simulator via external
file input/output and a driver script. For our initial design, we use the
DAKOTA software package to generate an LH sample of size 50
using the variable bounds listed in Table 1.

The Bayesian calibration using these bounds illustrates that some
adjustment to the bounds would be useful, because the resulting
posterior distribution directly indicates which regions of the
parameter space are feasible, including whether the parameter space
should be expanded in the subsequent design. Thus, we construct a
new LH sample of size 50 using the revised design described in
Table 2. The revised bounds are chosen so that they will cover the
entire range of the posterior distribution for the calibration inputs.

Using the results from the simulation runs, we can compare the
ensemble of predicted time histories against the experimental time
histories to see if the experimental data are enveloped by the
simulation data. Figures 5 and 6 compare the envelope of simulator
outputs against the experimental data for locations 1 and 9,
respectively. In general, the experimental observations are
enveloped by the simulator outputs, although at locations 5 and 6,
the experimental response exceeds the maximum of the simulator
outputs for ¢ < 800 s, as seen in Fig. 7.

B. Bayesian Calibration Analysis: Nominal Case

Here, we consider the nominal Bayesian calibration of the
CALORE simulator using data from all nine locations of interest.
Some of these locations (for example, location 1) are averages of

Table 1 Original design of computer experiments

Variable Lower bound Upper bound
FPD 2.0x1073 15.0 x 1073
qz 25,000 150,000
q3 100,000 220,000
q4 150,000 300,000
qs 50,000 220,000

Table 2 Revised design of computer experiments

Variable Lower bound Upper bound
FPD 4.0x 1073 6.0 x 1073
q> 25,000 150,000
q3 0 200,000
q4 100,000 400,000
qs 120,000 160,000
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Fig. 5 Temperature-response comparison for envelope of 50 simulator
outputs with observed data for location 1 (average lid temperature).
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Fig. 6 Temperature-response comparison for envelope of 50 simulator
outputs with observed data for location 9 (internal thermocouple).
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Fig. 7 Temperature-response comparison for envelope of 50 simulator
outputs with observed data for location 6 (average of thermocouples 13
through 16).

multiple thermocouple readings and others represent single
thermocouple readings. The application of the Bayesian calibration
extensions discussed in Secs. III.A.1 and III.A.2 will be presented in
Secs. IV.C and IV.D.

The variance of ¢ in Eq. (12), 02, is not considered as a function of
time or location. It would be straightforward to incorporate a
parametric dependence for the variance on temporal or spatial
coordinates if such a formulation were desired. We do, however, treat
o2 as an object of Bayesian inference, making use of the standard
reference prior distribution [38]:

1
n(0?) o o (22)

For the prior distributions of the calibration parameters, we choose
independent uniform distributions based on the bounds given in
Table 1 for the initial analysis, and after revising the design of
computer experiments, the prior bounds are adjusted to reflect those
listed in Table 2.

Each of the nine locations are modeled separately, with two
independent surrogates representing the response before and after
500, which results in a total of 18 surrogate models for the simulator
output. We employ the use of multiple Gaussian process surrogate
models because a single stationary Gaussian process representation
of the response at all locations and time instances does not seem to be
appropriate. Our choice of dividing the surrogates at 500 s is
admittedly subjective (and a more comprehensive approach might
choose different time divisions for different locations), but on
average for the different locations, there is a significant change in the
response behavior around 500 s: for example, the process variance
increases (see Figs. 5-7).

For each surrogate, we employ the point-selection algorithm
discussed in Sec. IL.B to select an optimal subset of points with which
to build the surrogate. At each location, the first surrogate is based on
75 points chosen optimally from the 1950 available points (39 time
instances times 50 samples), and the second is based on 100 points
chosen optimally from 8550 points. We emphasize that the process
for constructing these surrogate models is not trivial: for each of 18
separate surrogate models, we employ the iterative MLE process
described in Sec. IL.B. This results in approximately 3000 numerical
MLE optimization problems in six dimensions, which is why an
efficient MLE scheme is critical, and the use of gradient information,
as discussed in Sec. II.A, can be very important.

For the experimental data, we use 21 points evenly spaced at time
intervals of 100 s for each of the nine locations. The MCMC
simulation is adjusted appropriately and run for 100,000 iterations.
The resulting marginal posterior distributions for the two parameters
of most interest, FPD and g5, are shown in Figs. 8 and 9, in which the
plotting ranges are representative of the bounds of the prior
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Fig. 8 Posterior distribution of FPD (x range represents prior bounds).
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Fig. 9 Posterior distribution of g5 (x range represents prior bounds).



MCFARLAND ET AL. 1261

Table 3 Posterior statistics based on the nominal
calibration analysis

Variable Mean Std. Dev.
FPD 522 %1073 1.17 x 10~
q> 88,546 16,977
q3 113,100 11,307
qs 246,270 11,652
qs 138,390 1,565

Table 4 Pairwise correlation coefficients within the posterior
distribution for nominal analysis

FPD q2 q3 94 qs
FPD 1.00 0.02 0.02 —0.25 —0.67
4> 0.02 1.00 —0.80 0.18 —0.02
q3 0.02 —-0.80 1.00 —0.58 —0.01
N —-0.25 0.18 —0.58 1.00 0.00
qs —-0.67 —0.02 —0.01 0.00 1.00

distribution. Recall that the prior distribution for 6 is independently
uniform over the ranges listed in Table 2.

The statistics of the marginal posteriors are given in Table 3, and
the pairwise correlation coefficients are given in Table 4. The
correlation coefficients indicate a strong negative relationship
between g, and g5, as well as moderate negative relationships
between FPD and g5 and between ¢; and g4. For a more visual
interpretation of these relationships, we can use kernel-density
estimation [39] to visualize the two-dimensional density functions.
For example, Fig. 10 plots the 95% plausibility region for FPD and g5
based on a kernel-density estimate to the two-dimensional posterior
distribution of these two variables.

It is also possible to define a simple error measure that allows for
the quantification of the agreement of the simulator output to the
experimental data. An intuitive error measure is the sum of the
squared errors or, equivalently, the square root of the mean of
the squared errors (rms, used here because it has the same units as the
response quantity). The rms error between the experiments and the
predictions is defined as

rms = \/%i(d,»—G(O,s,-))z (23)

To consider the accuracy of the Bayesian estimate when only a
small number of simulator runs are available, we consider the
posterior mean based on the analysis with the original bounds on the
calibration parameters (Table 1), which corresponded to only 50 runs
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Fig. 10 The 95% plausibility region for FPD and ¢;; plotting bounds
represent prior bounds.

of the simulator. The rms agreement with the experimental data for
this case is 19.4 K.

We now derive an alternative estimate to the calibration
parameters, which we use as a baseline for comparison with the
Bayesian mean estimate. For the baseline estimate, we adopt an
admittedly ad hoc nonlinear least-squares approach. We simply
construct a deterministic optimization problem in which the design
variables are the calibration inputs #, and the objective function is the
rms error measure, as defined in Eq. (23). We apply the dividing-
rectangles (DIRECT) [40] global optimization algorithm using
convergence criteria that limit the number of objective function
evaluations (equivalently, runs of the CALORE simulation) to a
number comparable with that used in the Bayesian calibration
analysis: 50. To keep the comparison fair, we provide the DIRECT
algorithm with the same variable bounds that were available to the
Bayesian analysis (the prior bounds, listed in Table 1).

After 65 function evaluations, the DIRECT algorithm reduces the
rms error to 32.3 K. What we notice is that although the Bayesian
approach provides a comprehensive framework for representing
uncertainty in the parameter estimates, this framework is still capable
of providing an efficient (in terms of the number of simulator runs)
means for obtaining accurate point estimates to the calibration
parameters, compared with the alternative nonlinear least-squares
optimization approach. We acknowledge that a surrogate-based
optimization approach might be preferred to interfacing directly with
the expensive simulator, but we do not make such a comparison
because we feel it would be too similar (in terms of the resulting point
estimates) to the Bayesian approach itself, which has made use of
Gaussian process surrogates.

Finally, as a check on the surrogate models, we compute the total
rms difference (over all nine locations, with 5-s time increments)
between the surrogate output and the true simulator output for the
posterior mean of the calibration inputs. This rms difference is found
to be only 2.4 K, which suggests that the surrogate has accurately
captured the relationship between the simulator inputs and outputs.
Figure 11 illustrates how the surrogate compares with the actual
simulator output at location 9. The discrepancy is visually almost
indistinguishable. The experimental observations were plotted as
well, for illustration.

C. Accounting for Characterized Measurement Uncertainty

In this section, we adopt the approach described in Sec. IILA.2 to
account for characterized measurement uncertainty associated with
the thermocouple readings. We expect this addition to be reflected by
a broadening of the posterior distribution of the calibration inputs. In
addition, because some of the thermocouples are biased, we also
expect to see a shift in the posterior distribution, which accounts for
this bias.

The thermocouple reading uncertainty is characterized by bounds,
and so we use uniform random variables to represent this uncertainty
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Fig. 11 Comparison of surrogate-model output to actual CALORE
output for location 9, based on the posterior mean of the calibration
inputs.
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(not to be confused with a prior distribution, because the
thermocouple error is not an object of Bayesian inference). For the
thermocouples on the sides and bottom of the structure
(corresponding to locations 2—6), the uncertainty is characterized
with bounds u; ~uniform(—0.02 x d;,0), which is a time-
dependent percentage of the measured temperature, d;. As is
apparent from Eq. (19), negative values of u correspond to
measurements that underestimate the actual value.

For the remaining thermocouples (corresponding to locations 1, 7,
8, and 9), the FEM simulation itself is used to estimate the
measurement uncertainty. This is possible because these
thermocouples are explicitly modeled in the FEM simulation, along
with an associated contact parameter, which represents the amount of
contact between the thermocouple and the structure. By varying the
contact parameter, we are able to use the simulator to estimate the
magnitude of the effect that imperfect contact might have on the
thermocouple reading. As a result, the uncertainty for these
thermocouples is characterized as u; ~ uniform(—4§;, é;), where §; is
the difference between the simulator output for minimum and
maximum contact. Note that §; varies over the time instances and
thermocouple locations.

Also, we note that several of the locations are averages of multiple
thermocouple readings. For example, location 1 is the average of four
thermocouples mounted on the lid. In these cases, the thermocouple
measurement errors average as well, and the generation of random
realizations from such averages is handled using simulation.

The resulting statistics of the posterior distribution for this case
(based on 100,000 MCMC samples) are reported in Table 5, in which
we notice small shifts in the means and small increases in the
variance. This is illustrated graphically for FPD and g5 in Fig. 12,
which compares a contour of the posterior density with and without
the effect of characterized measurement uncertainty.

The shift in the means for both g5 and FPD is explainable in terms
of the thermocouple uncertainty. Because g5 represents applied heat
flux, it is positively related to temperature response. Similarly, the
negative correlation between g5 and FPD suggests that the final foam
pore diameter is also positively related to temperature response.
Because the external thermocouples are known to provide readings
that underestimate the actual temperature response, we expect that
accounting for this bias will result in an increase in the estimates for
gs and FPD, and this is in fact what we see.

D. Adding Prescribed Input Uncertainties

In this section, we extend the nominal analysis to include
additional modeling uncertainties, as discussed in Sec. IILA.l.
Although we have considered the calibration of five model inputs
thus far, there are actually many additional inputs to the simulator
that are subject to uncertainty or lack of knowledge. Here, we study
the effect on the calibration results when we treat 13 additional model
inputs as having prescribed uncertainties (in this case, simply
feasible bounds, represented by uniform probability density
functions).

Although it is possible to treat these additional model inputs as
calibration parameters, along with the original five, the primary
reason for holding their uncertainties fixed is simply because there is
an interest in knowing what effect this will have on the results. On the
other hand, if they are treated as additional calibration parameters,
their prior uncertainties may be reduced in light of the data d, which
would not give a picture of the effect of the prescribed uncertainties.

Table 5 Posterior statistics based on the calibration
analysis with characterized measurement uncertainty

Variable Mean Std. Dev.
FPD 527 x 1073 1.24 x 1074
q> 87,477 16,723
q3 116,900 12,223
qs 242,680 12,864

s 140,290 1,647
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Fig. 12 Comparisons of joint posterior distribution for FPD and g5
with and without characterized thermocouple uncertainty (95%
plausibility regions).

Nevertheless, we conduct each of these analyses, as well as one
control analysis, for comparison:

1) To make a fair comparison, we first conduct the analysis while
holding the additional uncertain inputs fixed at their mean values.
Although conceptually the same as the analysis discussed in
Sec. IV.C, the surrogate models are based on a different set of
training data, and the surrogates must now model the relationship
between the additional 13 inputs and the response, which we expect
to result in additional overall uncertainty.

2) Using the method outlined in Sec. IIL.A.1, we perform the
analysis while allowing the additional inputs to vary according to
their prescribed uncertainty distributions.

3) For comparison, we also perform the analysis in which the
additional 13 inputs are treated as calibration parameters, along with
the original five.

The first step is to collect a new set of simulator data, which is
necessary because the Gaussian process surrogates must now model
the relationship between the temperature response and the 13 new
inputs, in addition to the five original calibration inputs. This results
in adesign of computer experiments over 18 variables and surrogates
that are based on 19 inputs (because time is an input to the
surrogates). We use a random LH sample of size 50, with the bounds
for the original parameters shown in Table 6 (for brevity, the
information on the 13 additional parameters is not shown). Generous
bounds are used for the calibration parameters, because it is not
known how much extra uncertainty will be introduced by the
additional uncertain inputs.

With the new code runs, we use the same structure for our
surrogates as before: two surrogates (for response before and after
500 s) are used at each of nine locations on the structure, for a total of
18 surrogate models. We emphasize that the surrogates capture the
temperature response as a function of time, the five original
calibration inputs, and the 13 additional uncertain inputs. We again
employ the point-selection process discussed in Sec. IL.B, and this
time, between 40 and 128 points are used for each surrogate,
depending on the complexity of the response.

Each of the three analyses previously described are then
conducted. For each case, we use 50,000 MCMC samples to
construct the posterior distribution. We note that these analyses are

Table 6 Design of computer experiments for study
with additional prescribed input uncertainties
(specifications for additional 13 inputs not listed)

Variable Lower bound Upper bound
FPD 2.0x 1073 10.0 x 1073
q> 0 200,000
q3 0 200,000
q4 100,000 400,000
qs 50,000 200,000




MCFARLAND ET AL. 1263

4000 : . .
Means (1) ——
3500 - Varying (2) -------- i
Calibrated (3) ---------
3000 |
=
2 2500 |
()
©
5 2000 - |
2 1500 | |
(o)
o
1000 1
500 ) 1
0 P AU B Tl .
0.002 0.004 0.006 0.008 0.01

FPD
Fig. 13 Comparison of posterior distribution of FPD for each of three
approaches for treating the 13 additional uncertain model inputs.

considerably more expensive than those described in Secs. IV.B and
IV.C. Of the three, the most expensive is the third case, in which the
new inputs are treated as calibration inputs; the computational cost
here is high because the MCMC sampler must evaluate the likelihood
ratio [see Eq. (15)] once per iteration for each calibration input.
Running on a Linux machine with a 64-bit, 2.4-GHz processor, the
third analysis took approximately 30 h, and the first two took on the
order of 10 h each.

Because the calibration parameter FPD is of most interest for the
thermal simulation, we illustrate its marginal posterior distribution in
Fig. 13, comparing each of the three analyses previously listed. As
expected, the posterior distribution for analysis 1 (holding the
additional uncertain parameters fixed to their nominal mean values)
is basically the same posterior distribution that was obtained in the
nominal analysis described in Sec. IV.B. We also see that allowing
the additional parameters to vary on their prescribed uncertainty
bounds results in a significant increase in the posterior uncertainty for
FPD. Finally, the least amount of uncertainty in FPD is obtained
when the additional uncertain parameters are treated as calibration
parameters, and this is to be expected as well, because that analysis
effectively increases the number of degrees of freedom in the
calibration.

The preceding analyses were also redone using 100 LH samples
over the 18 variables, to assess whether the results differ significantly
from those found using 50 LH samples. It is determined that
increasing the number of simulator runs to 100 does not significantly
alter the posterior distribution for this analysis.

V. Conclusions

The important role that computational models play in prediction,
design, and decision-making necessitates appropriate methods for
assessing the uncertainty in such predictions. This work explored the
use of Bayesian model calibration as a tool for calibrating a
computational simulation with experimental observations while
accounting for the uncertainty that is introduced in the process.

One emphasis was on the use of Gaussian process surrogate
models. In particular, we proposed an iterative point-selection
process that allows one to build efficient Gaussian process surrogates
for an analysis code that may have highly multivariate output (for
example, time-history response).

Further, we showed how a variety of uncertainties associated with
the calibration process can be accounted for in the resulting
estimates. This includes uncertainty associated with the use of
surrogate models, both characterized and uncharacterized
observation and modeling errors, and prescribed input parameter
uncertainties.

We applied this methodology to an expensive thermal simulation
of a foam-in-a-can system with a database of time-dependent
experimental observations. The results illustrate the ability of the
Bayesian method to provide a comprehensive representation of the

uncertainty present in the resulting parameter estimates, but we also
showed that the point estimates obtained from our analysis are not
only very efficient (in terms of the number of runs of the FEM
simulation), but also very accurate and competitive with other
methods that do not provide an uncertainty representation.

There are still many opportunities for further research in this area.
Any work that extends the capabilities of surrogate-modeling
techniques would be helpful. In particular, practical methods for
Gaussian process interpolation with nonstationary covariance would
be of interest, as would additional approaches for modeling time-
history output. Future work might also more closely consider the
transfer of posterior uncertainty to new predictions, particularly
when not all of the calibration inputs appear in the simulation for the
new configuration.

Appendix: Markov Chain Monte Carlo Sampling

MCMC simulation is a numerical simulation technique that is
often used in Bayesian analysis to construct the posterior distribution
when no analytical expression is available. The posterior distribution
is approximated by generating a list of random samples that form a
Markov chain for which the stationary distribution equals the
posterior distribution.

The particular MCMC implementation used in this work is known
as the Metropolis algorithm and it is a form of rejection sampling.
The algorithm is fairly simple to implement and it can be used to
generate samples from both univariate and multivariate densities.
Consider that one wants to generate samples from a univariate
density f(x) that can be evaluated up to a proportionality constant,
such that f(x) is known, where f(x) o f(x) [in Bayesian inference,
f(x) =m(x)L(x), as in Eq. (14)]. In this case, the Metropolis
algorithm can be implemented as follows:

1) Set i = 0 and choose a starting value, x.

2) Initialize the list of samples: X = {x;}.

3) Repeat the following steps many times:

a) Sample a candidate x* from the proposal density function

q(x* | x;).

b) Calculate the acceptance ratio

o= min[l,fi(x*)]

Sf(x)

¢) Generate a random number u from the uniform distribution
on [0,1].

d)Ifu <, set x;y = x*, otherwise set x; | = x;.

e) Augment the list of sampled values X by x; .

f) Increment i.

4) After convergence is reached, the list of samples X can be used
to construct an approximation to the target density f(x).

The proposal density g(x* | x;) defines a probability density that
generates random moves x* based on the current point x;. For the
Metropolis algorithm, the only restriction on the choice of proposal
density g(- | -) is that it be symmetric with respect to its arguments;
that is, the probability of going from x; to x* is the same as that of
going from x* to x;. An extension of this algorithm, known as the
Metropolis—Hastings algorithm, allows the proposal density to have
any form.

Convergence of the chain is generally achieved fairly quickly.
However, poor choices for the starting value x, may cause the chain
to take many samples to reach its stationary distribution. A simple
method for assessing convergence is to look at a trace plot of the
samples.

When implementing the Metropolis algorithm, the user must only
specify the starting value and the proposal density ¢(-|-).
Unfortunately, the performance of the algorithm can be sensitive to
both of these choices, particularly, the choice of proposal density.
The most commonly used proposal density is the random walk
density, in which the candidate point is given by x* = x; + n, where
n is a random variable chosen to be symmetric about the origin
(Gaussian perturbations are employed for this work). The choice of
the variance of 7 is critical to the performance of the algorithm. If the
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moves are very small and the acceptance probability is very high,
most moves will be accepted, but the chain will take a large number
of iterations to converge. If the moves are large, they are likely to fall
in the tails of the posterior distribution and result in a low value of the
acceptance ratio. One wants to cover the parameter space in a
computationally efficient fashion. Some studies have been done on
optimal acceptance rates, and the results seem to indicate that 0.45—
0.5 is the optimal acceptance rate for one-dimensional problems,
whereas 0.23-0.25 is the optimal acceptance rate for high-
dimensional problems [41].

When the target density is multivariate, one possible extension of
the preceding algorithm is the componentwise scheme discussed by
[26,28]. With the componentwise scheme, the components of x are
sampled sequentially from their full conditional densities, such that
the acceptance ratio for the jth component is computed as

. f&xi1x ;)
aj_mm[l’if(x_], |x_j)]

where x_; contains all elements of x except for x;. By cancellation of
the marginal density for x_;, the acceptance ratio is expressed more
conveniently in terms of a joint density proportional to the target
density:

o =min|:1,M]
f(xj»x—j)

where f(-) may take the form of expression (14).

The nature of MCMC sampling is such that the samples obtained
in this fashion will almost always show a strong degree of serial
correlation. For this reason, one generally makes inference about the
posterior distribution using a very large number of samples
(typically, on the order of 10,000 or more). The nature of the resulting
Markov chain should also be kept in mind if one wants to generate a
small random sample from the posterior distribution. For example, if
the posterior distribution is simulated using 20,000 MCMC samples,
and 100 random samples from the posterior distribution are needed, it
would not be appropriate to take 100 consecutive samples from the
chain. Instead, one might either choose the samples from the chain at
evenly spaced intervals of 200 or randomly from the 20,000
available.
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